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I Abstract. Mixing (of all orders) rank-one actions T of Heisenberg group HsiM.) are 

O ■ constructed. The restriction of T to the center of H^(R.) is simple and commutes only 

with T. Mixing Poisson and mixing Gaussian actions of 7^3 (R) are also constructed. 
A rigid weakly mixing rank-one action T is constructed such that the restriction of 
CNJ ' T to the center of _ff3(R) is not isomorphic to its inverse. 



Q ■ 0. Introduction 



We state a question by Dan Rudolph: 

Problem 1. Which amenable locally compact second countable groups G admit 
mixing free actions with zero entropy? 



^ . Consider a subtler problem: 

00 ' 

T^ij- ' Problem 2. Which amenable locally compact second countable groups G admit 
(N ■ mixing rank-one free actions? 

Psj ■ We recall that a measure preserving action T = {Tg)g^c of G on a standard 

probability space (X, 23, /u) is 

— mixing if limg^c f^{TgA H B) = fj,{A)fx{B) for all A, S G 53, 

— mixing of order I if for each e > and subsets Aq, Ai, . . . ,Ai G 23, there is 
^ I a compact subset K G G such that 



luiTg^Ao n---nTg^Ai)- n{Ao)n{Ai) ■ ■ ■ n{Ai)\ < e 

for each collection go, . . . gi E G with gig~^ ^ K, 

— rigid if there is a sequence — ?■ oo in G* such that Imig^Q n{TgA n B) = 
H{A n B) for aU A, B E 

We recall now the definition of rank one. Fix a F0lner sequence (-Fn)^i in G. 

— A Rokhlin tower or column for T is a triple [Y, f,F), where y G 23, F is 
a relatively compact subset of G and / : 1" — > F is a measurable mapping 
such that for any Borel subset H G F and an element g E G with gH C F, 
one has f-\gH) = Tgf-\H). 

— The action T has rank one along {Fn)nen if there exists a sequence of 
Rokhlin towers {Yn, fm F^) such that for each subset S G 23, there is a 
sequence of Borel subsets C F„ such that 

hm ^{BAf-\Hn)) = 0. 



It is easy to see that each rank-one action is ergodic. It is well known that each 
rank-one action has zero entropy. Hence every solution of Problem 2 is a solution 
of Problem 1. The two problems are still open. However various constructions of 
mixing rank-one actions are elaborated for the following amenable groups: 

— G = Z in [Or], [Ad], [CrSi], [Ry4], etc. 

— G' = Z2 in [AdSi], 

— G' = M in [Pr], [Fa], 

— G = M^i X arbitrary rfi, ^2 > in [DaSil], 

— G = ©jLo ^J ' where Gj is a finite group [Da2], 

— G is a locally normal discrete countable group, i.e. G = UjLi Gj for a 
nested sequence Gi C G2 C ■ ■ • of normal finite subgroups Gj C G [Da4]. 

The Heisenberg group HsiR) consists of of 3 x 3 upper triangular matrices of 
the form 

/I a c\ 

16, 
\0 1/ 

where a, b, c are arbitrary reals. The Heisenberg group endowed with the natural 
topology is a connected, simply- connected nilpotent Lie group. We now let 

/I t 0\ /I 0\ /I t\ 

a{t) := 1 , b{t) := 1 t , c{t) := 1 . 
\0 1/ \0 1/ \0 ij 

Then {a{t) | t G M}, {b{t) | t G M} and {c{t) | t G M} are three closed one-parameter 
subgroups in i?3(]R). The latter one is the center of Hs(R). Every element g 
of H^{M.) can be written uniquely as the product g = a{ti)b{t2)c{t3) for some 
^1,^2,^3 e We also note that [a(ti), 6(^2)] := a{ti)b{t2)a{ti)-^b{t2)~'^ = 0(^1^2)- 
We now state one of the main results of the present paper. 

Theorem 0.1. There exist mixing of all orders rank-one (and hence zero entropy) 

action T of Heisenberg group Hs(R). 

We construct these actions utilizing the (G, F)-construction with randomly cho- 
sen 'spacers' in the spirit of Ornstein's rank-one mixing map [Or] (see also [Ru]). 
This construction is an algebraic counterpart of the well-known inductive construc- 
tion process of 'cutting-and-stacking with a single tower' for rank-one maps. It 
was introduced in [dJ] (see also [Dal] and a survey [Da3]) as a convenient tool to 
produce rank-one actions of groups with torsions or non-Abelian groups. We show 
first that the restriction of T to the center of H^{R) is mixing. Then we adapt 
Ryzhikov's idea from [Ryl] to deduce that the entire action is mixing too. 

Since the discrete countable Heisenberg group H^{Z) is a co-compact lattice in 
H^CZ)^, the restriction of a mixing zero-entropy action of Hs{M.) to H^{'L) yields a 
mixing zero-entropy action of HsCZ,). Thus it follows from Theorem 0.1 that H^iM.) 
and H^iZ) are both in the list of solutions of Problem 1. 

In order to state the next problem considered in this paper we recall some def- 
initions from the theory of joining of dynamical systems (see [dJRu], [Gl], [Th], 
[dR]). Given an ergodic action T = {Tg)g^G of a locally compact second countable 

^H^{Ij) is defined in a similar way as H^{W) but with a,b,c ^ Z. 
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group G on a standard probability space {X, 03, /i), we denote by C{T) the central- 
izer of T, i.e. the set of |U-preserving invcrtible transformations of X commuting 
with Tg for each g E G. Given a transformation R G C{T), we denote by the 
corresponding off-diagonal measure on X x X, i.e. x B) :— iJ,{RA n B). A 

{Tg X Tc,)c,£G-in variant measure on X x X whose marginal on each copy of X is 
is called a 2-fold self-joining of T. For / > 1, /-fold self-joinings of T are defined 
in a similar way. Let Jfl^) denote the set of ergodic 2-fold self-joinings of T. If 
J|(T) C {ijr \ Re C{R)} U{ijx ij} then T is called 2-fold simple. If T is 2-fold 
simple and for each / > 1, the /-fold Cartesian power of /x is the only /-fold self- 
joining of T whose projection on the product of any two copies of X in X' equals 
H X n then T is called simple. If T is simple and C(T) C {Tg \ g e G} then T is 
said to have the property of minimal self-joinings (MS J). 
In [dJ], A. del Junco raised the following problem. 

Problem 3. Given a locally compact second countable group G and a closed non- 
com,pact subgroup L G G, is there a free action T of G such that the sub-action 
{Ti)i^L is weakly mixing and 2-fold simple and the centralizer of this sub-action is 
{Th I h e Cg{L)}, where Cg{L) stands for the centralizer of L in G, i.e. Cg{L) = 
{g e G \ gl = Ig for all I e L}. 

He shows that for some special pairs L C G, solutions of Problem 3 lead to 
non-trivial counterexamples in ergodic theory [dJ] . In the most interesting cases L 
is the center of G and hence Gg{L) = G. We now write the second main result of 
the paper. 

Theorem 0.2. There exists rank-one mixing action T of H3{R) such that the 
following are satisfied. 

(i) The flow {Tc{t))tm simple and C{{Tc{t))te^) = {Tg\g e H2,{M)}. 

(ii) The transformation T'c(i) is simple and C{T^(^i)) — {Tg \ g G i73(]R)}. 
(ii) T has MSJ. 

Thus Theorem 0.2 answers Problem 3 affirmatively in the particular case when 
G = H3{R) and L is either the center of Hs(R) or L = {c{n) | n G Z}. 

Next, we construct mixing rank-one infinite measure preserving actions of Heisen- 
berg group within the framework of (C, F) -construction. Wc recall that an infinite 
measure preserving action T of Hs(R) is called mixing (or 0-type) if fi{TgAr\B) — )■ 
as ^ oo for all subsets A, B C X of finite measure. Mixing actions in infinite 
measure need not be ergodic (see [DaSi2] and references therein) however the rank 
one implies ergodicity. We note that while the construction of the finite measure 
preserving mixing actions of H^iM.) in Theorem 0.1 is of stochastic nature (as in 
[Or], [Ru], [dJ]), all the parameters of the infinite measure preserving mixing ac- 
tions of Hs{M.) are determined explicitly (effectively). For that we apply a technique 
of fast-growing spacers suggested by V. Ryzhikov in [Ry4] for the case of Z-actions. 
As an application we obtain the following corollary. 

Corollary 0.3. There exist mixing Poisson and mixing Gaussian (probability pre- 
serving) actions of H^CR). 

We also consider a problem of asymmetry for ergodic actions of Heisenberg group. 

Theorem 0.4. There is a rigid weakly mixing rank-one action T of Hs{M.) such 
that the transformation T'c(i) is ergodic and non-conjugate to its inverse ^"^(1) ■ 
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To prove this theorem we 'incorporate' V. Ryzhikov's example of an asymmet- 
ric rank-one transformation from [Ry3] (see also [DaRy] for a similar example of 
an asymmetric rank-one flow) into the construction of mixing actions of H(M.) 
from Theorem 0.1. 

The outline of the paper is the following. Sections 1 and 2 are preliminary. We 
describe the unitary dual of HsiM.) and state the spectral decomposition theorem for 
unitary representations of Hs{M.) in Section 1. In Section 2 we remind the (C, F)- 
construction for locally compact group actions. Sections 3 and 4 are devoted to 
the proof of Theorems 0.1 and 0.2 respectively. In Section 5 we construct a mixing 
rank-one infinite measure preserving action of i?3(M) and deduce Corollary 0.3. 
Section 6 is devoted to asymmetric actions of H-^CR). We prove there Theorem 0.4. 
In Section 7 we apply the spectral decomposition to the Koopman representations 
of H^CR). Section 8 consists of concluding remarks and open problems. 

1. Heisenberg group and its unitary dual 
The Lie algebra of H^iR) is 







a 






1)3 := < 


l(: 
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a, 6, c e m| 














We endow it with the natural topology. Then the exponential map exp : [)3 — )■ 
Hs(R) is a homeomorphism. 

The subgroups H2,a := {a{ti)c{t3) \ ti,t3 e R} and H2,b := {b{t2)c{t3) \ t2,*3 e 
R} are both Abelian, normal and closed in H3{R). The corresponding group ex- 
tensions 

^ H2,a ^ HsiR) ^ H3{R)/H2,a ^ and 
^ H2,b ^ H3{R) ^ H3{R)/H2,b ^ 

are both split. This implies that H3{R) is isomorphic to the semidirect product 



1)2 



M, where the homomorphism A : M ^ GL2(M) is given by A{t) :— 



1 t 
1 



t G M. The subgroups -ff2,a and -ff2,& are automorphic in iif3(]R), i.e. there is an 
isomorphism 9 of -H'3(M) with 9{H2,a) — -H'2,6- We define 9 by setting 9{a{t)) :— b{t), 
4>{b{t)) := a{t) and 9{c{t)) := c{-t) for aU t eR. To put it in other way, 
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b 
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We call 9 the flip in HsiR). We note that 9'^ = id. 

The set of unitarily equivalent classes of irreducible (weakly continuous) repre- 
sentations of HsiR) is called the unitary dual of H3{R). It is denoted by H3(R). 
The irreducible unitary representations of H3{R) are well known. They consist of 
a family of 1-dimensional representations ttq^^, a, /3 E R and a family of infinite 
dimensional representations tt-,,, 7eM\{0}as follows [Ki]: 

^a,Mi3)Hh)a{h)) := e^(«*i+^*^) and 
{7T^{c{t3)b{t2)a{h))f){x) := 6'-^^'-+'--^ fix + fe L\M 



Thus we can identify HsCR.) with the disjoint union U R*. There is a natural 
Borel cr- algebra on the unitary dual of each locally compact second countable group 
[Ma]. In the case of the Heisenberg group this Borel cr-algebra coincides with 
the standard cr-algebra of Borel subsets in U M*. Given an arbitrary unitary 
representation U = {U{g))g(zH3{R) of iy3(R) in a separable Hilbert space H, there 

are a measure au on Hs{R) (i.e. two measures cr^'^ on R^ and afj on M*) and a 

map lu ■■ HsiM) NU{oo} (i.e. two maps l}}'^ : 3 {x,y) H- llj'^{x,y) e NU{oo} 
and Ifj : M* 3 z lfj{z) e N U {oo}) such that the following decompositions hold 
up to unitary equivalence 

n= Cdal;\a,l3)® Q L\R,X^)dafj{'y) and 

U{9) = / ^aAg) dal;\a,f3) © / 7r^(^) daUl)- 

The equivalence class of uu is called the maximal spectral type of U . The map 
lu is called the multiplicity function of U . The essential range if lu is called the 
set of spectral multiplicities of U . The maximal spectral type and the multiplicity 
function of U (a"[/-mod 0) are both determined uniquely by the unitarily equivalent 
class of U. 

Given a measure preserving action T of H^{R) on a standard probability space 
(X, we can associate a unitary representation Ut of of i73(]R) in L'^{X,fi) 

by setting UT{g)f '■= f ° . It is called the Koopman representation of H2,{R) 
associated with T. The maximal spectral type of Ut is called the maximal spectral 
type of T and the maximal spectral type of the restriction oHJt to the subspace 
of zero mean functions in (X, ji) is called the restricted maximal spectral type 
of T. 

2. (C, F)-CONSTRUCTION 

Let G be a unimodular l.c.s.c. amenable group. Fix a cr-finite Haar measure Xq 
on it. Given two subsets E,F C G, by EF we mean their algebraic product, i.e. 
EF = {ef \ e e E,f e F}. The set {e'^ \ e e E} is denoted by E''^. If E is a 
singleton, say E = {e}, then we will write eF for EF and Fe for FE. 

To define a (C, F)-action of G we need two sequences (-Fn)n>o and {Gn)n>o of 
subsets in G such that the following conditions are satisfied: 

(I) (Fjj)^o is a F0lner sequence in G, 
(II) Cn is finite and #Cn > 1, 

(III) FnCn+l C -Fn+1, 

(IV) FnC n Fnc' = for all c c' E C^+i- 

We put Xn := Fn x nfc>n ^k, eudow Xn with the standard Borel product cr-algebra 
and define a Borel embedding X^ X^+i by setting 

(2-1) ifn, ) ^ ifnCn+l,Cn+2,---)- 

It is well defined due to (III) and (IV). Then we have Xi C X2 C • • • . Hence 
X := (J^ Xn endowed with the natural Borel cr-algebra, say 05, is a standard Borel 
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space. Given a Borel subset ^ C F„, we put 

[A]n := {x e X \ x ^ (/„, c^+i, Cn+2 ■ ■ ■) E Xn and G A} 

and call this set an n- cylinder. It is clear that the u-algebra 03 is generated by the 
family of all cylinders. 

Now we are going to define a 'canonical' measure on (X, 05). Let stand for the 
equidistribution on Cn- Let Vn '■= (#(^1 • • ■ il^Cn)~^ \ Fn- We define an infinite 
product measure Hn on Xn by setting /i„ := Vn x 'vn+i x x • • • , n e N. Then 
the embeddings (2-1) are all measure preserving. 

Hence a a- finite measure on X is well defined by the restrictions jjL \ Xn '■— jJini 
n e N. To put it in another way, (X, //) = inj lim^(X„, (U„). Since 

f^n+l[^n+l) — TTTT^ ^|J■n[^n) — irYWHin l^n{-^n), 

l^n+iy-Tn^n+l) '^Gy^ n)if^ n+1 

it follows that is finite if and only if 



n=0 ^G{Fn)i^Cn+l XG{Fn)i^Cn+l 



< 00. 



To construct a //-preserving action of G on {X, //), we fix a filtration Ki C K2 C • • • 
of G by compact subsets. Thus IJm=i ^rn = G. Given n, m e N, we set 

F>t^ - ( n (^"'^") n Fn) X J] Cfc C Xn and 

^k&Km ^ k>n 

Rt^ - ( n (^^-) n Fn) X J] Cfc C Xn. 

It is easy to verify that D^J^Xi ^ ^ ^^^^^ ^nd C R^^ C R^^^l 

We define a Borel mapping x -Dm 3 (fi*, 2;) t-)- Tjn,gX G -Rm"* by setting for 

X = {fn, Cn+l, Cn+2, • • • ); 

Fm,gifn, Cn+l, Cn+2 ...):= {gfn, Cn+l, Cn+2, ■ ■ ■)■ 

Now let Dm := U^=i F*^^ and := 0^=1 Then a Borel mapping 

Fm,g '• -^m X -Djn 3 {d, ^) ' ^ Fm^gX G -Rm 

is well defined by the restrictions Fj^.g \ -Dm'* := Fm^g for (7 G -ftTm and n > 1. 
It is easy to see that -Dm D -Dm+i, -Rm 3 Rm+i and Tm,g t D'm+i = Fm+i,g for 
all m. It follows from (I) that Hn{Xn \ -Dm'*) — > and iJ.n{Xn \ -Rm"*) — )■ as 
n — )■ 00. Hence //(X \ -D^) = fx{X \ Rm) = for all m G N. Finally we set X := 
nm=i Fm^r\m=i and define a Borel mapping T : GxX 3 {g,x) ^ TgX G X by 
setting TgX := Tm,gX for some (and hence any) m such that g G K^. It is clear that 
IJ,{X\X) = 0. Thus, we obtain that T = {Tg)g^G is a free Borel measure preserving 
action of G on a //-conuU subset of the standard cr-finite space (X, 05, y). It is easy 
to see that T does not depend on the choice of filtration (-ftrm)m=i- Throughout 
the paper we do not distinguish between two measurable sets (or mappings) which 
agree almost everywhere. 
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Definition 2.1. T is called the {C, F)-acUon of G associated with (C„+i,F„)^o- 

We now list some basic properties of {X^ji^T). Given Borel subsets A^B <Z 
we have 

(2-3) [A n B]n = [A], n [S],, [A U B]n = [A]n U [B]n, 

(2-4) [A]n^[ACn+l]n+l^ [_\ [Ac]n+U 

cec„+i 

(2-5) Tg[A]r, = [gA]ni{9AcFn, 

(2-6) A*([^]n) = #Cn+i ■ /u([Ac]n+i) for every c e Cn+i, 

(2-7) ^^{[AU) = ^^fiXn). 

In case G = Z, it is easy to notice a similarity between the (C, F)-construction 
and the classical cutting-and-stacking construction of rank-one transformations. 
Indeed, Fn-i (or, more precisely, the set of (n — l)-cylinders) corresponds to the 
levels of the (n— l)-tower and Cn corresponds to the locations of the copies of Fn-i 
inside the n-th tower F„. (The copies F„_ic, c G C^, are disjoint by (IV) and they 
sit inside F^ by (HI)-) The remaining part of F„, i.e. F„ \ (-F„_iC„), is the set of 
spacers in the n-th tower. 

Each (C, F)-action is of rank one. 

3. Mixing rank-one actions of Heisenberg group 
Given three positive reals ct, (3 and 7, we set 

I{a,l3,^) := {c{t3)b{t2)a{ti) \ <a,|t2| < l^sl < 7} 





ti 






{(: 


1 




\ti\<a,\t2\<P,\t3\ < 












It is easy to verify that 

I{a, P, 7)/(a', P', 7') C I{a + a',P + P' , 7 + 7' + a^') and 
I{a,p,^)-^ Gl{a,l3,^ + al3). 

Now we define a map 4>a,i3,'y '■ ^ -^^3(1^) by setting 

0a,/3,7O'i>i2, js) := c{2-fjs)b{2l3j2)a{2aji), 3i,32,h e ^• 
This map is not a group homomorphism. However for all ji,j2,j3,P £ Z, we have 

= (l>a,/3,j{jl,j2,P + h)- 

The following tiling property holds: 

Hs{R)= □ /(a,^,7),^,,/3,7(^)- 

We now choose a Haar measure A on i/3(M) in such a way that X{I{a, /3, 7)) = Sa^j 
for some (and hence for all) positive reals a, (3,^. 

The proof of the following lemma is straightforward. 
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Lemma 3.1. Let an, ^mln ^ oo, a^hn ^ ^ and ^nhn ^ ^- Then {I{an, Pn,ln))^:=i 
is a two-sided F0lner sequence in H^{M.). Moreover, if {(y.nPn)/ln then 

X{I{an, l3n: 7n) A/(a^, 7n)~^) _^ Q 

A(/(Q!n,^n,7n)) 



We now construct inductively the sequence (C„+i, -Fn)^o- Suppose that on the 
n-th step we ahcady defined Fq, (Cj, -Fj)"^^ and an auxiUary sequence {Fj)^~Q 

such that Fj = I{aj,aj,'^j) for some ctj^'jj > 0, < j < n, and Fj = I{aj^aj,^j) 
for for some Q:j,jj > 0, < j < n. Suppose also that Fj is equipped with a finite 
Borel partition ^j, < j < n. Our purpose is to construct F^, C'^+i and F^+i- 
Let be a finite Borel partition of such that the following are satisfied: 

(i) the diameter (with respect to a natural metric on /i3(]R)) of each atom of 
is less than ^ and 

(iii) for each atom A of ^n-i and each element c & Cn, the subset Ac C F„ is 
^n-measurable. 

Next, we introduce an auxiliary set 

Sn := /((2n + l)5n-i, (2n + 1)5^-1, (2n + l)7n-i)- 
Then we select 5^ and 7^ to be the smallest positive reals such that 

Now we set F^ := /(Sn, "n, 7n) and 0„ := 05„,5„,7„- Next, for some integer > 
(to be specified below), we let 

Hn := {(^1,^2,^3) e I \ti\ < n^ 1^2! < n^ j^sl < rn}. 

Suppose we are given a mapping s„ : Hn — > Then we define another mapping 
Cn+i : Hn H3{M.) by setting Cn+i{h) := Sn{h)4>n{h). We now set 

C'n+l := Cn-\-l{Hn)- 

Finally, let -F^+i := /(a^+i, a^+i, 7^+1), where a^+i and 7n+i are the smallest 
positive reals such that /(q;„_|_i, a^+i, 7„_|_i) D F„C^_|_i. It remains to specify 
and Sn- For that we need an airxiliary lemma from [dJ]. In order to state it we 
first introduce some notation. Given a finite measure on a finite set D, we 
let := YlideD Given a finite set Y and a mapping s : y — )■ D, let 

distryeys(j/) denote the image of the equidistribution on Y under s, i.e. 

{disir y^Ys{y)){d) := '^"^^^^ for each d&D. 
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Lemma 3.2 [dJ]. Let D be a finite set. Then given e > and S > 0, there is 
R > such that for each r > R, there exists a map s : {— r, —r + l,...,r} — > D 
such that 

||distro<t<Ar(s(/i + t), s{h' + t)) - Xd x Xd\\i < e 

for each N > Sr and h ^ h' with h + N < r and h' + N < r. 

For a finite subset D in Sn, we denote by Ad the corresponding normalized 
Dirac comb, i.e. a measure on Sn given by Ad (A) := ^{AnD)/^D for eacli subset 
A c Sn- Given two subsets A, B c Fm v/e let 



fA,B{x,y) := 



X{Ax n By) 
KFn) 



for all x,y E Sn- Now we choose a finite subset D„ in Sn such that 



(3-1) 



Sn X Sn 



fA,BdXD„dXD^ 



fA,B dXdX 



1 

< - 
n 



for all measurable subsets A, B G with AS^ U BS^ C F^. It follows from 
Lemma 3.2 that there exist > and a mapping s„ : — > such that 
Sn(^i,^2,*3) = Sn(0,0,t3) for all {ti,t2,t3) G Hn and 



(3-2) ||distro<t<jv(sn(/t + (0, 0, t)),Sn{h' + (0, 0, t))) - Ad„ x Ad„ ||i < 



n 



for each > n~'^rn and /i, h' G i/n with hs 7^ /is and h^+N < rn and h'^ + N < rn- 
Here /is and h'^ denote the third coordinate of h and h' respectively. 

Thus a sequence (Cn+i,Fn)^o ^^^^ defined. By Lemma 3.2 we may assume 
without loss of generality that r„ — )■ 00 faster than exponentially. Then the con- 
dition (I) from Section 2 is satisfied by Lemma 3.1. It is straightforward to check 
that the conditions (II)-(IV) and (2-2) are also satisfied. Hence the (C, F)-action 
T = {Tg)g^H^(js:) of H^{M.) associated with (Cn+i,F^)^Q is well defined on a stan- 
dard non-atomic probability space (X,®,//). 

We will need the following technical lemma. 

Lemma 3.3. Let A, B and S be subsets of finite Haar measure in HsCR). Then 



JSxS 



X{Ati n Bt2) dX{ti)dX{t2) 



AxB 



X{aS n bS) dX{a)dX{b) 



Proof. Without loss of generality we may assume that the subsets A, B and S are 
open and relatively compact in i73(M). Let 



:= {(^1,^2,^3) e Hs{Rf I tut2 eS,t3e AtinBt2}, 
n2 ■■= {{a, b, c) e Hs{Rf \ ae A,be B,ceaSn bS}. 

\3 



Then Qj is open and relatively compact subset in HsiM.) , j = 1,2. Choosing 
an appropriate normalization of A we may assume without loss of generality that 
A^(fii U ^2) = 1- For each e > 0, we find a lattice T in H^CR) such that 



#(r3no, 



#(r3n(niun2)) 
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1,2. 



Define a measure v on B.->,{^ by setting vi^A) := ol-^{^A fl F) for all Borel subsets 
A C ii/'3(]R), where the normalizing constant a > is chosen in such a way that 
Ufia) = 1- Then 

(3-3) - < e, 3 = 1,2. 

We set := ^ n r, Sr := 5 n r and Sv := S r\ V. Then 

n Bt^) = iy{Arti n Brt2) and 
^^'^^ n t2B) = u{tiAr n t2Sr) 

whenever ti,t2 G F. Applying Fubini theorem, (3-3) and (3-4) we obtain that 
/ X{Ati n Bt2) dX{ti)dX{t2) = X^i^i) 

JSxS 

u{Ati n Bt2) du{ti)du{t2) ± e 



SrxSr 

= / iy{Arti n Brt2) diy{ti)diy{t2) ± e 

= J2 I '^i{ati}ri{bt2})du{ti)du{t2)±e 

= / ^{aSr n fe/Sr) dv[a)du{h) ± e 

^ Ar X -Br 

= ! v{aSf\hS)du{a)dp{h)±e 

JaxB 

= i/3(02)±e 
= X^{n2)±2e 

= I X{aSr)bS)dX{a)dX{b)±2e. 

J A 



lAxB 



□ 



We need some notation. Given subsets An^A'^ C F„, we write A^ ~ A'^ as n — >■ 
oo if lim„^oo A(A„AA^)/A(Fn) = 0. This property implies that iJi{[An]n^[A'n]n) 
as n oo. Let es := (0, 0, 1) e Z^. 

Lemma 3.4. 

sup |/x(T^„(e3)[A*]„_i n [S*]„-l) - /i([A*]„_i)/i([i?*],_i)| ^ 
A*,B*C-F„_i 

as n — > OO. More generally, given a sequence of subsets H* C Hn such that 

for some 6 > 0, we let C* := (t)n{Hn)- Then 

sup |^(T<^„(e3)[^*C:]„ n [5*]„_i) - /x([^*C:] J/x([S*]„_i)| ^ 
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as n ^ oo. 

Proof. Fix n > and two Borel subsets A,B C Fn- Since (pnies) belongs to the 
center oi H3{R), 

(3-5) 0n(e3)Cn+l(/i) = Sn{h)Sn{h + e3)~^Cn+l(/i + 63) 

for all h such that h,h + G We let 

i^n° := {/ e I fSnS-' C Fj. 

In other words, F° in an interior of Of course, ~ F° as n — )■ cxd. We now 
put A° := A n F°, S° := S n F° and iyn(e3) := ^^n n - 63). Applying the 
standard approximation argument we may assume without loss of generality that 
A° and B° are ^n-measurable. It follows from (2-4) and (2-5) that 

f^{T4>r.{es)[A]n n [B]n) = ^ l^{T^^^,^)[ACn+l{h)]n+l D [B]n) 

h€H„ 

(3-6) " 

= 22 M([<^n(e3)^°Cn+l(/i)]n+in[S]„) + o(l). 

By o(l) here and below we mean a sequence that tends to uniformly in ^ C F„ 
and B GFn. We now deduce from (3-5), (3-6) and (2-3), (2-4), (2-6) that 

KT^M[A]nn[BU) = ^ J2 KU°Snih)snih + es)-' nB)U) + oil). 
Now (3-2), (2-7) and (3-1) yield 



1 ^ XiA°chnD°d2) 



^3-^) = / fAo,B^dXnAD^+o{l) 

^ T7^^ / ^^^^ + ^(^) 

Suppose now that A — A*Cn and B — B*Cn for some subsets A* and B* in Fn-i. 
We say that elements c and c' of Cn are partners if F^-icSn n F^-ic'Sn ^ 0- We 
then write c ixi c'. It follows that 

r r Tr^n'ar MA*Ctlf\B*c't2) 

/ fA,BdXdX= / ^cMcec„ y 1 ^dA(ti)dA(t2). 
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Applying Lemma 3.3 we now obtain that 



X{acSn n he' Sn) 



(3-8) / fA,BdXdX= Yl I -^—^ '-—n; ^^(^)^^(^)^ 

Next, we note that 

X{acSn n he' Sn) — X{eSn n c'S'^) 



sup sup 

c,c'eC„ a,6GF„_i 



Hence it follows from (3-7) and (3-8) that 

T^c^c'^Cr, f X{eSnr)e'Sn) + X{Sn) -oil] 



— >■ as n — >■ oo. 



2 



f X{eSnne'Sn) + X{Sn)-o{l) ww.N^wn 

/ dX{a)dX{h) + o{l). 

Ja*xb* ^y-i'n) 



A routine verification shows that every c e Cn has no more than 2^^n^ partners. 
Therefore 



MT^„(e3)[^*]n-in[S*],_i) 

2 

XiSnY XiFn) 



= KAnXiBnO. ± . A(K-r)-A(y..(l) ^ ^^^^ 



for some On > 0- Since 

3 

"A(5„) ^ " '^"^ n^^i, A(K) 



liml^!^>0 and lim ^i^il^ = 1, 



n—^oo 



we obtain 

l^iT,^ies)[A%-l n [Sin-l) = ^^1^^^^; + 0(1) 

for some 6'^ > 0. Substituting A* = B* = Fn-\ we obtain that — > 1 as n — > oo. 
Thus 

/l(T<^„(e3)[A*]^_l n mn-l) = //([A*]„_i)^([S*]„_i) + 0(1), 

and the first claim of the lemma is proved. The second claim is proved in a similar 
way. □ 

Corollary 3.5. The sequence (^n(e3))5^i is mixing for T, i.e. ii{T^^^(^f,^-^A\^B) — > 
li{A)n{B) as n ^ oo for all Borel subsets A,B G X. Hence the flow (rc(^))^£]R is 
weakly mixing. 

We now refine this corollary. 

Proposition 3.6. The flow {Tc(t))t€M. is mixing. 

Proof. Take a sequence of reals t„ > such that gn := e{tn) G F^+i \ F„, n e N. 
It suffices to show that the sequence ((7n)^i (or, at least a subsequence of it) is 
mixing for T. We write gn = /n0n(O,O, j^) for some /n e F„ fl {c(t) | t > 0} 
and < < rn- Let hn (0,0, j^) G Z^, Hn{hn) := n (iJ^ - hn) and 
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Fnifn) '■= Fn ^ (/„ ^Fn). Passing to a subsequence, if necessary, we may assume 
without loss of generality that there exist 5i > and ^2 > such that 

Partition C„+i into three subsets C^_|_i, C^+i and C^_|_i as follows 



^3 



= {c e Cn+1 I gnFnC C F^+i^^+i (63)}, 
= {c e Cn+l I firn-P'nC C K+l}, 
= Cn+l \ (C'n+l U C'n+l)- 



We will show mixing separately on each of the subsets [FnC^_^_i]n+i, [FnC^-\-i]n+i 
and [FnC^^i]n+i of X. 

We first note that #C^_^i/#Cn+i ^ as n ^ oo. Then (2-6) yields that 

(3-9) lim sup ii{[AC^+^]n+i) = 0. 

n^oo 

Next, we note that (f)n+i{G3)~^ 9nFnC^+i C -F^+i and hence 

TgA-^C^+l]n+l = T0„+i(e3)[0n+l(e3)~'^fl'n^C'n+l]n+l- 

Hence, by the second claim of Lemma 3.4, 

(3-10) lim sup |MT,JAC;^+i]„+in[i?]O-M[^<^n+i]n+i)M[5]n)|=0. 

It remains to consider the third case involving C'^^i. It is a routine to verify that 

i^{C^+,A{cn+i{h) \ h e HM} 



^1, 



If 5i = then 



(3-11) lim sup /x([AC2+i],+i) = 0. 

Consider now the case where 5i > 0. Take two subsets A,B C Partition A into 

two subsets Ai and A2 such that /n^i C and /n^2 C Fn(f)n{^3)- We note that 
Ai = A n Fn{fn)- Define F° in the same way as in the proof of Lemma 3.4 and set 
A\ :— Ai n F° and B° := B n F°. Slightly modifying the reasoning in the proof of 
Lemma 3.4 we obtain 

fx{TgJA,Cl+,]n+i n [B]n) = Yl f^{T4>M[fnAiCn+iih)]n+i H [B]n)+o{l) 

heHr,{h„) 

= f<[Mtn)fnAlCn+lih)]n+in[B]n) + o{l) 

Si 



J2 fl{[{fnAlSn{h)Sn{h + tn)'^ H S°)]„) + o(l) 



Si 



I fA„BdXdX + oil). 



Sri X Sn 
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If ^2 = then 

(3-12) lim sup ii{[AiCl^^]n+i) = 0. 

Consider now the case where 82 > 0. As in the proof of Lemma 3.4 we now 
take A = A*Cn and B = B*Cn for some Borel subsets A*,B* C Fn-i- Let 
:= Cn n Fnifn)- It foUows that 

^^62 and sup M[^i]nA[^*C;] J ^ 

as n — )■ 00. Hence sup^*|^^^_^ — 52//([^*]n-i)| — >■ 0. Arguing as in the 

proof of Lemma 3.4 we obtain that 

sup \^l{TgJA*C'^Cl+,U+^ n - 52A*([^1n-i)/^([Sln-i)| ^ 0. 

A*,B*CF„-i 

Therefore 

(3-13) hm sup \fi{TgJA,]n n [B*]n-i) - fi{[A^]n)K[B*]n-l)\ = 0. 

Since Tg„[^2]n = 7'<^„(h„+e3)[0n(e3)~Vn^2]n with 0n(e3)~Vn^2 C F„, a similar 
reasoning yields 

(3-14) lim sup \fi{TgJA2]nn[B%_i) - ii{[A2]n)l^{[B%-i)\ = 0. 
Since 

[^*]n-l = [^*C'nC'n+l]n+l U [^*C'nC'n+l]n+l U [^l^'n+lln+l U [^2C'n+l]n+l ) 

it follows from (3-9)-(3-14) that 

lim sup \fi{TgJA*]n-i n [B*]n-l) - fx{[A*]n-i)fx{[B%_i)\ = 0, 

i.e. (5f„)^i is a mixing sequence for T, as desired. □ 

We now state and prove the main result of this section. By an advice of 
V. Ryzhikov we deduce it from Proposition 3.6 by adapting the argument used 
in [Ryl, Theorem 6] and [Ry2, Theorem 4.4] to show mixing of {Ta(t))teM.- 

Theorem 3.7. Let T be an action of H2{R) such that the flow {T(.(^t))t€R ergodic. 
Then T is mixing. 

Proof. If T were not mixing then there exist e > 0, a sequence — >■ 00 in H3{R) 
and two subsets Aq, Bq G X such that 

(3-15) \ii(Ao n - KAo)liiBo)\ > e for aU n. 

We write Qn as Qn = a(tn,i)b{tn,2)c{tn,3) with tn,i,tn,2,tn,3 ^ ^- Siucc the flow 
{Tc{t))te«. is mixing by Proposition 3.6, we may assume without loss of generality 
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(passing to a subsequence, if necessary) that either tn,i — >■ oo or tn^2 — >■ oo- We 
consider the former case (the latter case is analogous). Select 7 > such that 

sup |//(Ao n Tg^Bo) - /x(T,(^)Ao n Tg^T,^p^Bo)\ < e/2 for all ^ < 7. 

n>0 

Consider a probability measure K^^n on X x X by setting 

1 r 

Kj,n{A xB):=- ^{A n Tf,^pyig^k{p)B) dp for all A,BcX. 

7 Jo 

It is easy to see that K^^n is a 2-fold self-joining of {T(.(^t^)t^M. and 

(3-16) |«-y,n(^o X Bo) - f^iAo n Tg^Bo)\ < e/2 for all n. 

Passing to a further subsequence we may assume without loss of generality that the 
sequence {K'y,n)neN converges weakly to a 2-fold self-joining of (Tc(t))teR. Since 

bip)-'gnbif3) = gnc{f3tn,i) for all p eW, 

it follows that 

1 n 

«7,n(^ X Te(t)S) = - / /i(A n Tg„c(/3t„,i+t)5) 

7 Jo 

= - / ^^{^^Tg^cWt^^)B)dp. 

7 

Hence K^,n(^ x Tc{t)B) k^{A x B) as n ^ 00. This means that o (Id x Tc(t)) = 
for all t G M. This yields that = jiXji. We obtain a contradiction with (3-15) 
plus (3-16). □ 

We recall that the group Aut(X, ^) of all invertible |U-preserving transformations 
of X is Polish with respect to the weak topology. The weak topology is the weakest 
topology in which aU the maps Aut(X, /i) 3 S ^ ii{SA n S) G M, A, S C X, are 
continuous. 

As a byproduct of the proof of Theorem 3.7, we obtain the following results. 

Corollary 3.8. LetT he an action of HsCR.) such that the flow (Tc(t))te]R is ergodic. 
Then the following are satisfied. 

(i) Every sequence {gn)'^=i in -^3(1^) such that gn = 0'{tn,i)b{tn,2)c{tn,3) with 
(^i,n)^i or (tn, 2)5^^1 unbounded is mixing. 

(ii) The flows {Ta(^t))te«. ^'^^ {Tb{t))teR ^^^^ both mixing [Ryl, Theorem 6] and 
[Ry2, Theorem 4.4]). 

(iii) The weak closure of {Tg \ g G iy3(M)} in Aut(X, //) is the union of {Tg \ 
g G ii/'3(]R)} and the weak closure of {Tc{t) \ t G M}. 

(iv) IfTis rigid then {Tc[t) \t gM.} is rigid. 

Remark 3.9. In a similar way, we can show the following. Let T be an action of 

HsiR). 

(i) If the flow {Tc(t))teR is mixing of order k then T is mixing of order k. 
(h) If (Tc(t))teM is weakly mixing then the flows {Ta(t))teR and {Tf,(^t))teR are 
both mixing of order k [Ryl, Theorem 6] and [Ry2, Theorem 4.4]). 
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Then a natural question arises: how can we construct T such that (Tg(-^))tgR is 
mixing of order k for k > 17 For that we need to modify shghtly the construction 
of T from Proposition 3.6. Indeed, the only modification concerns the right choice 
of the 'spacer mappings' Sn- Namely, we need to replace (3-2) with the following 
subtler condition: 

||distro<t<Ar(sn(/i^'^ + (0, 0, t)), . . . , Snih^"^ + (0, 0, t))) - A|,J|i < - 
~ n 

for each N > n'^Tr^ and h'^^\ . . . , /j/'^) G with /i^^^ ^ hf^ ^ ■ ■ ■ ^ hf^ and 

+ N < Tn, ■ ■ ■ , + N < Tn- We leave details to the readers. 
We conclude this section with a simple but useful observation. 

Proposition 3.10. Let T be an action o/i/3(M). If {Tc{t))teM. is ergodic then it is 
weakly mixing. 

Proof. Indeed, let foT^^^^ = e*^*/ for some O^seMandO^/e L^^X, //). Then 
for each g E Hs(R), {f oTg) °Tc{t) — e'^^^foTg. Since the center is ergodic, it follows 
that f oTg = ^{g)f for some ^{g) e C. It is straightforward that ^ is a continuous 
character of Hs{M.). Since every continuous character of -^3(1^) is trivial on the 
center, it follows that / is invariant under {Tc(t))teR- Hence it is constant. □ 

4. The 'joining' structure of the action 

By a polyhedron in M.^ we mean a union of finitely many mutually disjoint 
convex polyhedrons. We say that a polyhedron is rational if the coordinates of 
its vertices are all rational. If no one face of a polyhedron is parallel to the line 
{0} X {0} X ]R C then we call this polyhedron normal. The intersection of two 
normal polyhedrons and the union of two disjoint normal polyhedrons is a normal 
polyhedron. It is a routine to verify that if ^ is a normal polyhedron and g G -ff3(M) 
then gA and Ag are normal polyhedrons. Given a normal polyhedron A and e > 0, 
there is a rational polyhedron B C A such that 

sup \R{{t I {ti,t2, t)eA\B})< e. 

tl ,t2 

From now on all the polyhedrons are assumed to be open subsets of R^. 

Theorem 4.1. Let T be the action of Hs(M.) constructed in Section 3. Then the 
following are satisfied. 

(i) The flow (Te(t))teK is simple and C((Te(i))teR) = {Tg \ g E H^iR)}. 

(ii) The transformation T(.(^i) is simple and C(Tc(i)) = {Tg \ g e iy3(R)}. 

Proof, (i) Take an ergodic 2- fold self-joining u for (T(,(t))teM- Identifying -^3(1^) with 
via the mapping c{t3)b{t2)a{ti) i-> (^1,^2)^3) we can say about polyhedrons in 
H-i{M.). Recall that = I{an, otn, In)- We call a point {x, x') E X x X generic for 

{u, (Te(t) X Te(t))teM) if 

(4-1) - 1 

In Jo 

for each pair of rational polyhedrons A, A' C F^, m E N. It follows from the 
pointwise ergodic theorem for ergodic flows that i^-almost every point of X x X 
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is generic for {u, (2^c(t) ^ 2^c(t) )*€»)• Fix such a point {x,x'). We now claim that 
(4-1) holds for each pair of normal convex (not necessarily rational) polyhedrons 
A, A' C F^. For that approximate A and A' with nested sequences of rational 
convex polyhedrons Ai G A2 G ■ ■ ■ G A and A[ G A2 C ■ ■ ■ G A' such that 

sup X^{{t I {ti,t2, t)eiA\ Aj) U {A' \ A'.)}) < - for aU j 

tl,t2 3 

and pass to the limit in (4-1). 

Since z/ is a 2-fold self-joining of T, it follows that x and x' are generic points for 
(/^) Tc{t))t€R)i i-e- 

— I \Au{Tc{t)x) dn^{t) n{[A]m) 

In Jo 

for each normal polyhedron A in F^^, m e N. If n is sufficiently large then 
we can write x and x' as infinite sequences x = (/„, c„_)_i, c„_|_2, • • • ) and x' = 
(/n>Cn+i,c^+2>---) with /„, G Fn and Cj,c'j e for aU j > n. Represent 
fn,fnj ^3 ^nd c'j as products 

fn = c(r3,^)6(r2,n)a(ri,^), /; = c(r3 „)6(r2^^)a(r( „), 
Cj = c(t3j)^>(^2,i)o(^i,i), c^- = c{t'3,j)b{t2j)a{t[j). 

Since = I{an,an,'yn), we obtain that |t3^„| < 7^ and |t3 „^| < 7^. Moreover, 
by a standard application of Borel-Cantelli lemma, we may assume without loss 

of generality that ™^^*'^^'.'"^^'''"* < 1 — p- for all j > n if n is sufficiently large. 
Increasing n by 1 if necessary, we will assume also that < 1 _ J^. We 

set tn '■= fnfn ■ 

Let B and B' be two normal polyhedrons in F^^. It follows from (4-1) that for 
each e > there is n > m such that 

(4-2) — ^BU^[B']jT.it)X,T,^t)x') dXu{t) = i^{[B]m x [B'U ± e. 

Let B := SC„j+i • • • C„ and 5' := B'Cm+i • • - Cn- Then 5 and are normal 
polyhedrons in F„ and [B]m = [B]n and [B^rn = [B']n. If g e Hs{R) and gf^ e F„ 
then Tgx' e [5']^ if and only if TgTt^x e [S']^. Hence 

(^"3) l[B]„x[B']„(^9^'^5^') = lTg-i[B]„nT-iTg-i[B']„(^)- 

Since n is large, c(7^/n^)/^ e F„ and therefore (4-2) and (4-3) yield 

^2 pri/n^ 

(4-4) — / ly w,^, 1,5,, ,(x)(iAM(t) = zy([5]^ X [SV)±e- 

7n Jo " 

We note that for each g e iy3(M) there is M > n such that gFnCn+i ■ ■ ■ Cm C Fm- 
Therefore choosing a sufficiently large M we can write for each < t < ^n/n"^ that 

T-^l^{[BUnT,l\B'U) = [D]M, 
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where D = c{t) ^{BCn+i ■ ■ • Cm H ^B'Cn+i ■ ■ ■ Cm)- Since D is a normal poly- 
hedron in Fm and x is generic for {iJ,,Tc(^t))teM.)i we deduce from (4-4) that 

— / /^(TT/ ([S], n T^^\B'\n)) dX^it) = iy{[B]m x [B'U ± e. 

In Jo 

Thus 

fi{[B]m n Tt-\B']m) = l^mm X [B']^) ± €. 

We note that the sequence (tn)^i either converges to some g e iy3(R) (in the 
case when cj = c'j for all sufficiently large j) or tends to infinity (in the case when 
Cj ^ c'j for infinitely many j). In the first case u = and in the second case 
V = n X n. In the second case we use the fact that T is mixing. Thus the flow 
(Tc(t))feR is 2- fold simple and its centralizer is {Tg \ g e iy3(M)}. By [Ry4], each 
2-fold simple flow is simple. 

(ii) follows from (i) and [dJR, Theorem 6.1]. □ 

Rem,ark ^.2. In a similar way one can show a more general fact: each mixing 
(C, F)-action of iy3(M) with F„ = I{an, f^mln) and 7„ » Q;„/3„ is 2-fold simple. 

Theorem 4.3. Given an action T of H^{W), let the flow (Tc(i))tgK be simple and 

C((T,(t))ieM) = {Tg\ge Hs{R)}. Then 

(i) T has MSJ and 

(ii) the actions {Tg)g^H2,a ^'^^ (^9)3€//2 & have MSJ. 

Proof, (i) Let ly E JiiT). It follows from Theorem 4.1(i) that there is a probability 
measure n on H3 (M) and a non- negative real ^ < 1 such that 

i^ = eiix ji+{l-e) ht, dK{g). 

JHsiR) 

Since u is (T x T)-ergodic and fix n E J2{T), either 6* = or 6* = 1. We consider the 
former case. We note that is (T x T)-invariant if and only if k is invariant under 
all inner automorphisms of H^^^K). Since n is finite, it is supported on the center 
of H^iW). The ergodicity of v implies that k is a singleton. Therefore v = fJir^^^) 
for some t E R. Thus, T has MSJ2. Now Theorem 4.1(i) implies that T has MSJ. 
(ii) is shown in a similar way. □ 

5. Mixing Poisson and mixing Gaussian actions of Heisenberg group 

We first construct a mixing infinite measure preserving rank-one action of (R) . 
Let (F^, Cn+i)5^o be sequence of subsets in H^iR) satisfying (I)-(IV) from Sec- 
tion 2. Suppose, in addition, that (2-2) is not satisfied. Let T be the (C, F)-action 
associated with (F„, Cn+i)^o- Let (X, 03, fi) denote the space of this action. Then 
T is of rank one along (F^)^! and //(X) = 00. 

Theorem 5.1. Suppose that the following conditions are satisfied: 

(i) FnF^ ^FnCn C F^+i, 

(ii) the sets FnCiC2^ F~^ , c\^ ci E Cn+i, and FnF~^ are all pairwise disjoint 
and 

(iii) ^00 as n ^ 00. 
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Then T is mixing. 

Proof. Let (^n)^i be a sequence in i?3(R) such that ^„ — >■ oo. We verify that 
this sequence (or, a subsequence of it) is mixing, i.e. //(T^^Di fl D2) — >■ for all 
subsets Di , D2 C X of finite measure. Without loss of generality we may assume 
that Qn e FnF-^ \ Take A,B C Fn- It follows from (i) and (2-3)-(2-6) 

that 

l^{TgJA]n n [B]n) = l^{[gnACn+l D BCn+l]n+l) 

= XI l^i[9nAcir\Bc2]n+l) 
ci,C2€C 

71 + 1 

= l^{[gnAnB]n)+ f^iignAci n Bc2]n+l) 

If ii([gnAci n Bc2]n+i) > for some ci ^ C2 E C^+i then g^ G FnC2C^^ F~^ . Since 
gn £ FnF~^, we obtain a contradiction with (ii). Hence 

//(T3„ [A]r, n [B]^) = //([(7nA n BU). 

Suppose now that A = A*Cn-i, B = B*Cn-i for some subsets A*,B* C -Fn-i- 
Then 

ll{[gnA^B]n)^ /l([£?„A*Ci nS*C2]n). 

ci,c2ec„ 

It follows from (ii) that there is no more than one pair (ci, C2) E CnXCn such that 
ci 7^ C2 and /i([5rn^*ci fl B*C2]n) > 0. Hence 

fl{[gr,A n S]„) = /X([^n^* n B%_i) + fl{[gnA*Ci n B*C2]n). 

If //([^fn^* nS*]^_i) > then gn G Fn-iF~\, a contradiction. On the other hand, 

l^{[gnA*CinB*C2]n) < /i([^n^*Ci]„) = /x([A*]n-l)/#C^ 

by (2-6). Therefore 

fiiTg^[A]n n [BU) < /x([^*]n_i)/#Cn = /x([^]n)/#Cn. 

It remains to use the standard approximation of Di and D2 with cylinders [A]n 
and [B]n respectively and apply (iii). □ 

We now recall that given a cr-finite infinite non-atomic standard measure space 
(X, 05, //), there is a canonical way to associate s standard probability space (X, B, JT) 
which is called the Poisson suspension of (X, 03,//) (see [CFS], [Ro]). Moreover, 
there exists a continuous homomorphism from the group Aut(X, ^) of |U- preserving 
transformations of X to the group Aut(X, fl) of /x- preserving transformations of X. 
The image of a transformation S G Aut(X, /x) under this homomorphism is denoted 
by S. It is called the Poisson suspension of S. Given a //-preserving action T of 
Hz(^), we consider a /I- preserving action T = (T(,)peH3(R) of HsCR.) and call it the 
Poisson suspension of T. Consider the Koopman representation Ut of Hs(M.) in 
L^(X, /i). Then we can associate to Ut a (probability preserving) Gaussian action 
T* = (T^)c,eH3(R) of H^CR) (see e.g. [Gl]). The Koopman representations Uj, and 
Ut* of i?3(M) are unitarily equivalent. 
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Corollary 5.2. Let T be an action of H3{M.) constructed in Theorem 5.1. Then 
the Poisson suspension TofTis mixing of all orders. The corresponding Gaussian 
action T* of H^iW) is also mixing of all orders. 

Proof. The first assertion follows from [Ro, Theorem 4.8]. Since Uf and Ut* are 
unitarily equivalent and the property of mixing is spectral (i.e. it is a property of 
the associated Koopman representation), we obtain that T* is also mixing. The 
multiple mixing of T* follows now from [Le] . □ 



6. Asymmetry in actions of Heisenberg group 

In this section we construct a (C, F)-action T of H^^^R) with ergodic flow (T(,(t))teK 
such that the transformation Tc(i) is not conjugate to TJ^^^ . 

Suppose that n is divisible by 3 and on the n-th step of the inductive construc- 
tion of the sequence (C^+i, -Fn)5^Lo we have defined F„ = /(a^, 7^) for some 
parameters and We are going to define Cn+i and F^+i. Let (^n := ^^5'a„,a„,7„- 
We set 

{c(0) if j = (mod 5), 
c(l) if j = 1 (mod 5) or j = 2 (mod 5), 
c(2) if j = 3 (mod 5) or j = 4 (mod 5), 

Cn+i(j) := Sn(i)(/>n(0, 0, j) and C^+i := {cn+i{j) \ \j\ < n}. Next, let := 
/(a^, ttn, 7n+i)) where 7n+i is the minimal positive real such that F^Cn+i C 

-f(ttn,an,7n+l)- 

If n is not divisible by 3, we do the n-th construction step exactly as in Section 3. 

In such a way we define completely the sequence (C^+i, Fn)^^o. The conditions 
(I)-(IV) and (2-2) from Section 2 are all satisfied. Denote by T the associated 
(C, F)-action of Hs{M.). The probability space of this action is denoted by (X,//). 

Theorem 6.1. The flow (Tc(t))^gK is weakly mixing and rigid. It is not conjugate 
to the flow {T~^^^)t£M.. If ^ ^ for all n eN then the transformation Tf,(^i^ is not 
conjugate to T~^ly 

Proof The fact that {T^(t))teT^ is weakly mixing follows immediately from the defi- 
nition of Cn+i, Fn+i when 3 f n and the proof of Lemma 3.4 (see also Corollary 3.5). 
It follows from the definition of Cn+i when 3 | n that this fiow is rigid. Indeed, it 
is easy to verify that 70^(0,0,5) — >■ Id as n — >■ 00 and 3 | n. 

We now prove the second claim. Fix n which is divisible by 3. Take subsets 
A, B,C,D C X. Partition Cn+i into C*^ . 1, j = 0, . . . , 4, as follows 



y Fr,Cn+l{t) 



t=j (mod 5) 
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and set -F^+i := F^C^^.^. Let Z„ := c(l)0„(O, 0, 1). We now claim that 

n n Ti„s n T;. c n Tis^d) ^ ^//(A n Te(i)S ncn t-I^d), 

1 



n A n Ti„s n c n Tis^d) ^ n 5 n T,(i)C n D), 
fi{F^+^ nAnTi^BnTi^Cn Tp^D) ^ ^^i{A nnncn t.^i^d), 
,i{F^^^ nAnTi^BnTp^cn TisD) ^ n T-^^s n T-;^c n t-;^d) 

as n — >■ oo with n e 3N. We verify only the first (from the top) claim. It is 
straightforward that 



Take some subsets A, B,C,b d F^n c(2)F„. It follows from (6-1) that 

=/i([Ic°+i].+i n [c(i)-isc°+i].+i n [c(i)-2cco+i].+i n [c(i)-25co+i],+i) + o(i) 
=Ai([(I n c(i)-is n c(i)-2c n c{i)-^b)cl^^]n+i) + o(i) 

=^//([In c(i)-^5 n c{i)-^c n c{i)-^b]n) + 0(1) 
=i/.([I]„ n r-;)[s], n r-2^[C]n n t-^ [5]„) + 0(1). 

Hence approximating A,B,C,D with cylinders [A]^, [i?]^, [C]n, [-D]n respectively 
and passing to the limit we deduce that /x(F^_|_]^ n A n Ti^B nTpC n Tp D) 
0.2//(A n T'l^B n T'l-^C n T'I^D) , as claimed. 
We now obtain that 

4 

\m^b^l{A nTi^Bn Tp^C n Tp^D) = lim5 J^//(F^+i n AnTi^B nTp^C n Tp^D) 

3=0 

= n{AnT-l^BnT-lfnT-lD) 

+ ^i{A n Tc(i)S nCn T'I^d) + ^{A n s n T^^i)C n D) 

+ //(A n 5 n c n Tc(i)L') + h{t^^i)A nBnCnD), 
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where the hmit is taken along the sequence of n divisible by 3. In particular, 
substituting A = B = D and C = X we obtain 

(6-2) lim 5n{A DTi An Tp A) > fi{A) 

for each subset A d X. On the other hand, take a subset A d X such that 
^{A n Tc(i) A) = ii{A n Tl^i)A) = 0. Then substituting B = X axvd A = C = D, we 
obtain 

(6-3) \mih^{A n T-^A n T'^A) = Iim5//(A DTp^An Tp^A) = 0. 

It follows from (6-2) and (6-3) that the flows (Tc(t))tgM and {Tc(-t))t&R ^ire not 
conjugate. Thus the second claim of the theorem is proved. 

If all 7„ are integers, then 1^ is power of c(l) and the third claim of the theorem 
follows from the second one. □ 

Remark 6.2. In a similar way we can construct infinite measure preserving rank-one 
actions T of H^CM.) for which the claims of Theorem 6.1 hold. 



7. Spectral analysis for actions of Heisenberg group 

Let T be an action of H^CR) on a standard probability space {X, /u). Denote 
by U the corresponding Koopman representation of H^iM.) in L'^{X,iJ,). Consider 
a spectral decomposition of U (we refer to Section 1 for the notation) : 



L\X,fi)^ [ Cdalj\a,/3)® [ ^ {R, Xr) daUl) and 
JK2 -1 Jr* -1 



12 

We assume that the measures ajj and afj are finite. Our purpose in this section 
is to write some easy (almost straightforward) but important corollaries from the 
spectral decomposition of U. 

Given a e M, we denote by Xa the continuous character Xa{t) '■— e*"* of M. We 
now compute the restriction of U to the subgroup H2,a- For that we identify H2,a 
with via the mapping c{t3)a{ti) i->- (ts, ti). It is easy to see that Wa,^ \ H2,a = 
Xo®Xa- The restriction of tt^ to if2,a is the tensor product of x-y and the left regular 
representation of M. Therefore the 'projection' of afj to -ff2,a = is equivalent 
to the product o"^ x Ar. Hence we obtain the following spectral decomposition for 
U \ H2,a: 



L''{X,i^)= f 0Cd4(a)©/ Cda^(7)c/AR(a) and 

JR ^.^j Jr*xR 
r® /•© 

U{c{t^)a{ti))= I Xa{ti)Iad(T\j{a)® I X'y{'t3)Xa{ti)I^dafj{-f)dXu{a), 
Jr Jr*xr 

where ajj is the projection of o"^'^ under the map 3 {a, P) ^ a E M, /^(ct) is 

12 1 2 I 

the integral of IjJ by the conditional measure ajJ |{a}xR and la and are identity 

operators in 0^-^i°'' C and 0j=*^7'* C respectively. 
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Proposition 7.1. 

(i) The maximal spectral type of U \ H2^a contains the measure 5o xct/-+c^ x Ai 
on R^. The corresponding spectral multiplicity map is 



3 (7, a) ^ 



l\j{a) if^^Q, 
lf;{j) otherwise. 



(ii) The maxim,al spectral type of U \ {c{t) | t G M} contains the measure 
a\f'{M?)5Q + afj. The corresponding spectral multiplicity map is 



!l\jUa^^^ z/7 = 0, 
00 otherwise. 



(iii) If (Tc(i))^g]K is ergodic then a^f^M? \ {0,0}) = 0, i.e. there are no non- 
trivial one- dimensional representations in the spectral decomposition of U . 
The maximal spectral type of T equals the maximal spectral type of the 
restriction T to the center of Hs{M.) (modulo the natural identification). 

(iv) // (T'c(t))tGR is ergodic then T has a simple spectrum if and only ifU \ H2,a 
has a simple spectrum. 

(v) // (Tc(i))tgM is ergodic then (T'(i(t))teK has Lebesgue (restricted) maximal 
spectral type. 

(vi) // (Te(t))teiR is mixing then {Tg)g^H2,a ^« mixing. 

We note that (vi) is weaker than Theorem 3.7. However we include it here 
because it follows almost directly from the spectral decomposition for U , i.e. it is 
simpler (shorter) than the proof of Theorem 3.7. 

Corollary 7.2. Let T and S he two actions of H^(M.) such that the flows (Tc(t))tg]R 
and ('S'c(t))teR are ergodic. Then the set of spectral multiplicities of the Cartesian 
product T X S = {Tg x Sg)g^H3{Vi) contains infinity. 

Idea of the proof. The claim follows from Propositions 3.10, 7.1 (iii) and the follow- 
ing well know fact: 



e,°ii7r^+7' if7+y f^o, 

j^2T^ot,pd\^{a)d\^{^) if7 + 7' = 0. 



□ 

It follows, in particular, that the set of spectral multiplicities of each (non- 
degenerated) Gaussian and Poisson action of iy3(M) contains infinity. The 'non- 
degenerated' here means that that the corresponding (reduced) maximal spectral 
types are non-atomic. 

8. Concluding remarks and open problems 

(1) Actions T and 5" of -ff3(M) on probability spaces (X, /x) and {Y^v) respec- 
tively are called disjoint in sense of Furstenberg [Fu] if x u is the only 
{Tg X 5'g)g£ ^3 -invariant measure on X x Y with marginals jj, and u on 
X and Y respectively. Modifying the construction from Section 3 one can 
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obtain an uncountable family of mutually disjoint mixing rank-one actions 
oiHsiR) with MS J. 

(2) The examples of mixing rank-one actions of Hs{M.) in Section 3 are of sto- 
chastic nature. The choice of the 'spacer' maps Sn is not explicit (as in 
the Ornstein's example of mixing Z-action [Or]). Is it possible to construct 
explicit, concrete examples of such actions by analogy with the classical 
Z-staircases [Ad]? 

(3) Are there smooth (differentiable) models for mixing rank-one actions of 

(4) All the results of this paper obtained for the 3-dimensional Heisenberg group 
extend naturally to the Hisenberg groups H2k+i(^), k > 1, of higher di- 
mensions and some 'generalized' Heisenberg groups [Ki]. Is it possible to 
extend them to the class of all (or a sufficiently wide subclass of) simply 
connected nilpotent Lie groups? 

(5) We conjecture that a mixing rank-one action of HsCR.) is mixing of all orders. 

(6) Whether each 2-fold simple weakly mixing action of Hs(M.) is simple? 

(7) Let an action T of Hs{M.) have MSJ. Does this imply that the flow {Tc(t))teR 
is simple? Is this true in the particular case when T is of rank one? 

(8) Can we construct an action T of HsCR) such that the flow {Tc(^t^)teR is 
ergodic and conjugate to its inverse but the flows (T|j(t))tGM iTb{t))teR 
are non-conjugate or even disjoint in the sense of Furstenberg? We note that 
T is always 'spectrally' symmetric, i.e. the Koopman representation Ut is 
unitarily equivalent to Ut o d, where 9 denotes the flip in Hs{M.). Indeed, 
TT-y o 6* is unitarily equivalent to tt-^ for each 7 G M* and the measure 
afj is quasi-invariant under the inversion R* 9 t i->- — t e R* in view of 
Proposition 7.1(iii). In particular, we now deduce from Proposition 7.2(v) 
{Ta(t))te«. ctiid {Ti,(^f-^)teR have the same Lebesgue maximal spectral type. 

(9) Is there an action T of H^^M.) such that the flow (Tc(t))tg]R is ergodic and 
conjugate to its inverse, the flows {Ta(^t^)teK. and (T^(t))teR are conjugate 
but T is asymmetric, i.e. it is not conjugate to the action (7e(g))geH3(M)? 

(10) Suppose that T and S are two disjoint ergodic actions of Hs(M.). Does this 
imply that the flows {T(.(^t))teM. and {Sc(t))t€M. are also disjoint? 
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